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ABSTRACT 
In this paper, the design process for multi-stage micro scale 

turbomachinery will be presented, along with CFD predictions 
of the key aerodynamic performance parameters required in 
this design process.  This work focuses on the unique and 
unexplored design space defined by the small scale and planar 
geometries characteristic of MEMS turbopumps, compressors, 
gas turbines, steam turbines, or other turbomachinery-based 
microsystems. Correlations are proposed for the loss 
coefficient, based on laminar flow theory.  A critical Reynolds 
number is also identified (Recrit=200-300), below which 
adjacent boundary layers merge, inducing a sharp increase in 
loss and deviation.  This imposes practical limits on the 
miniaturization of such microturbomachinery. 
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INTRODUCTION 

Over the past decade, there has a been a growing interest 
and need for miniature energy conversion systems, such as 
portable power generation for consumer electronics and 
soldiers, propulsion for micro air vehicles and satellites, flow 
handling for micro fuel cells and handheld analytical 
instruments, as well as miniature cooling units for electronics 
and people.  Meeting this need requires the implementation of 
traditional thermodynamic cycles at small scale, along with the 
required machinery.  Among the core energy conversion 
technologies common at large scales, compressors, pumps, and 
turbines are often used to convert fluid power to mechanical 
power, or vice versa.  Rotating turbomachinery is specifically 
used for its high power density and reliability, as illustrated by 
its prevalence in the aerospace (aircraft gas turbine engines) 
and power generation industries (hydroelectric and land-based 
gas turbine power generation).  Since the fabrication of such 
complex machines at the millimeter scale can however prove to 
be challenging and expensive, Epstein and Senturia proposed 
the use of silicon micromachining and other 

microelectromechanical (MEMS) technologies  [1].  Examples 
of turbomachinery-based Power MEMS projects include the 
development of micro gas turbine engines  [2],  [3], micro rocket 
turbopumps  [4], and micro Rankine steam turbines  [5]. 

The objective of the current work consists of creating a 
knowledge-base for the design and development of 
microturbomachinery, with special emphasis on radial, multi-
stage configurations.  Such knowledge is required in order to 
develop microsystems with high pressure ratio, high power per 
unit flow rate, and acceptable efficiency.  Previous 
aerodynamic studies of microturbomachinery aimed at 
predicting the performance of a few specific single-stage 
microturbomachines  [6], [7], [8] and investigating their 
operation  [9].  In contrast, the current work establishes a design 
basis for multi-stage microfabricated turbomachines and further 
investigates their aerodynamics at low Reynolds numbers.     

Design Space for Microturbomachinery 
Typically, large scale turbomachines operate at high 

Reynolds numbers (on the order of 106) and exhibit turbulent 
flow.  Micro-scale configurations considered to date are mostly 
in the low Reynolds number range (100 < Re < 10,000), 
suggesting mainly laminar flow and higher viscous losses.  
Unfortunately, the body of literature on blade passage 
aerodynamics (such as design correlations) is limited to high 
Reynolds numbers hence new investigations are required at 
smaller scales. 

Furthermore, the microfabrication approach constrains the 
designer to non-traditional configurations.  Lithography allows 
precise patterning of the aerodynamic profiles on the surface of 
a silicon wafer, and these airfoil shapes are then transferred into 
the silicon substrate by deep reactive ion etching (DRIE).  As 
illustrated in Figure 1, this approach allows the creation of large 
arrays of well-defined blades that extend from the silicon 
substrate, which are most amenable to radial flow.  An 
important outcome of this approach is that the flow area, Af, 
increase linearly with radius, Af=2πr*h, since the blade height, 
h, is defined during a single etch step and is therefore 
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constrained to be uniform.  Due to this fabrication approach, 
each stage operates at a different tangential speed proportional 
to radius, U = Ω · r, and the blades are constrained to 2D 
extruded shapes, without twist along the span. 

This paper will first describe a design approach for such 
planar, multi-stage turbomachinery, and then provide empirical 
correlations based on numerical simulation of 
microturbomachinery aerodynamics.  The paper will also 
discuss the observed flow behavior and conclude with design 
guidelines and future work.  Throughout, the analytical 
developments and examples will focus on turbines, although 
the principles apply for compressors as well. 

 

            
 (a) Rotor (b) Stator 
 

 
(c) Close-up view of a single rotor stage 

 
Figure 1 - SEM image of a typical radial, multi-stage 
microturbine formed by DRIE, showing the rotors (a) and 
stators (b) on separate chips, as well as a close-up view of 
one blade row (c).  The turbine is assembled by laying the 
stator chip over the rotor chip in order to interdigitated the 
concentric blade rows.  

RADIAL, MULTI-STAGE DESIGN APPROACH 
The design approach consists of a mean line analysis 

based on velocity triangles with loss, blockage, and 
deviation factors.  This low order modeling approach is 
the basis for preliminary design of traditional multi-stage 
turbomachinery  [10].  The flow is however purely radial, 
through concentric rotor and stator stages of constant 
blade height.  In this paper, flow is considered to be 
compressible (ideal gas) and adiabatic.  The nomenclature 
used to define the flow velocity components is illustrated 
in Figure 2, for a stage composed of a stator and rotor.  

The process consists of conserving Rothalpy in the 
relative reference frame of a blade row, conserving mass, 
applying a loss coefficient correlation to define the 
relative total pressure, and applying a deviation 
correlation to define the relative exit flow angle.   
 

 
Figure 2 – Velocity triangles in one turbine stage 
 
The pressure loss coefficient for a turbine stator is defined as:  
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where the subscripts represent: 1 inlet, 2 exit, and 0 total 
property in the stationary frame. At the exit, the isentropic 
relation in compressible flow is: 
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where the Mach number is determined from mass conservation 
at the exit based on the flow area.  For mass conservation 
calculations, the density and mass flow rate are assumed at 
first.  The exit velocity is calculated from mass conservation 
using velocity triangles to define the flow angles.  The relative 
exit flow angle is defined as the blade angle plus deviation.  
The exit temperature is determined from energy conservation 
based on, 
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When Eq. (2) is substituted into Eq. (1), the static pressure at 
the exit is expressed as a function of the inlet total pressure and 
the loss coefficient. 
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Using the ideal gas relation,  

 222 RTP ρ=  (5) 
Pressure in Eq. (4) and Eq. (5) can be equated, 
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An iterative approach is then used, by changing the exit density 
until Eq. (6) is satisfied.   

In the rotating frame, which corresponds to the rotor, the 
total property 0 is replaced by 0w, which is total property in the 
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rotating frame, V is replace by W, which is the relative 
velocity, and YN by YR, which is the loss coefficient in the rotor. 
Also, in Eq. (2) and Eq. (3), centrifugal terms are added to 
satisfy Rothalpy conservation in the rotating frame  [11], 
leading to: 
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where M2U is the Mach number based on the wheel speed 
U2.  The process to find the exit condition in the rotor is the 
same as the stator except for the above replacements. 

Through this process, all the exit conditions are calculated 
for the assumed flow rate, which is the same through all stages. 
The flow rate is adjusted by iteration until the exit static 
pressure at the final stage matches the desired value. 

Stage Matching 
For a turbine, work should be extracted from each 

stage with a similar loading distribution.  Since the 
current radial configuration results in flow area and 
tangential speed that increase linearly with radius, proper 
flow angle matching at each stage is challenging.  A 
baseline 6-stage microturbine was used to illustrate this 
aspect, with results of stage output power as a function of 
rotating speed shown in Figure 3.  For the same geometry, 
incompressible flow calculations suggest that the last 
stages add work to the flow instead of extracting power, 
whereas the compressible flow calculations show well 
matched stages, at a specific operating speed.  This large 
difference is due to expansion of the working fluid in the 
compressible calculations, since decreasing pressure with 
radius leads to decreasing density.  With the proper radial 
location of each stage, the density decrease can directly 
compensate for the through flow area increase and lead to 
constant radial velocities in all stages.  High velocities 
and hence power densities can therefore be maintained 
throughout the turbomachine.  The desired layout should 
be such that the radius ratio between two locations is the 
inverse of the density ratio between those locations: r1/r2 
= ρ(r2)/ρ(r1).  Unfortunately, this condition can only be 
satisfied at one design point, since the density ratio varies 
with the pressure ratio, hence with speed (Figure 3b). 

For a baseline mass flow of 24 mg/s, a power level of 1W 
per stage is expected, which corresponds to 40 kJ/kg.  In order 
to match the specific power levels defined in the cycle analysis 
of a Rankine steam turbine, 10 to 30 stages are expected to be 
required  [5].  It is difficult however to match more than 5 stages 
on a single rotor, so a single rotor is expected to provide on the 
order of 5 W of mechanical power (200 kJ/kg).  Preliminary 
designs were also developed for a 28 W (1150 kJ/kg), which 
consists of five individual rotors in series with power levels 
ranging from 3.8 to 8.4W.  It operates with an inlet pressure of 
8 MPa and temperature of 780°C.   

 
 (a) Incompressible flow 

  
 (b) Compressible flow 
 
Figure 3 - Power production per stage for a baseline 
microturbine (negative power indicated that the stage is 
adding work to the flow instead of extracting work) – 
baseline flow rate of 24 mg/s; 2mm diameter rotor. 

BLADE PASSAGE AERODYNAMICS 
Two main parameters are required as input for the above 

design process: the loss coefficient and deviation†.  These 
aerodynamic parameters depend on the blade passage geometry 
and operating conditions.  The geometry is defined by the 
airfoil profile, the stagger angle, and the solidity (i.e. the ratio 
of blade chord to spacing, σ = c/s).  Typically, correlations for 
loss and deviation are derived from experimental measurements 
and used in the initial design process.  For a given geometry, 
they are found to depend on the incidence angle and Mach 
number of the incoming flow, but are not a function of 
Reynolds number for traditional scale turbomachinery (Re~106) 
 [10].  In the operating regimes of microturbomachinery 
(100<Re<10,000), the influence of Reynolds number is 
however expected to become important.  As a first step, we 
have therefore chosen to use numerical simulations to explore 
the flow behavior in microturbomachinery cascades and extract 
the main performance parameters (loss coefficient and 
deviation).  These will enable the design of experiments to later 
validate the simulation results.  This approach was mainly 
chosen since the size of microfluidic devices precludes the use 
of traditional instrumentation and requires the development of 
embedded sensors, not currently available.  Scaled test 

                                                           
† Blockage is typically an important design parameter, but it has not been 

considered to date, since first order estimates of hub and shroud boundary layer 
thicknesses appear to be negligible with respect to blade height. 

Stage 1
1

Stage 6 

1

6 

Well 
matched 
stages 



 4 Copyright © 2004 by ASME 

apparatus have also been proposed, and exhibit unique 
experimental challenges  [8].  Fortunately at the micro-scale, 
flows are dominantly laminar and CFD solutions are expected 
to be increasingly accurate. 

The current study is limited to study of loss and deviation 
as a function of incidence and Reynolds number; the effect of 
Mach number will be studied subsequently.  Two blade passage 
geometries are considered, as described next. 

Blade Passage Geometry 
The geometry chosen for this study is based on the NACA 

A3K7 turbine airfoil  [12].  The primary series A3K7 is for 
reaction blades in which there is acceleration through the 
cascades. The camber line shape gives rapid turning in the 
forward part of the blade, where the Mach numbers are low.  
The profile is defined by a series of points for the camber line 
(xc , yc), and a thickness distribution along that line (with a 
maximum thickness to chord of tmax/c = 20%).  The stagger 
(angle of the blade to the radial direction) and camber 
(difference between leading and trailing edge angles) are 
adjusted in order to match the flow angles defined during the 
previous mean line analysis.  Different levels of camber are 
achieved by scaling the tangential coordinate (xc , C × yc) and 
the  blade is tilted to match the incoming flow angle.  High 
camber (Rotor 1) and low camber (Rotor3) blades are analyzed 
here, with configurations summarized in Table 1.  The nominal 
solidity is σ = 2.   The trailing edge is slightly modified in order 
to accommodate microfabrication limitations: it is shortened by 
2% chord and kept to a minimum thickness of 4 microns. 
 

Table 1 - Blade row configurations 
NACA A3K7 Rotor 1 Rotor 3 
Chord length 98.29 um 114.76 um 
Chord axial 93.07 um 89.33 um 
Inlet angle  56°  22° 
Outlet angle -74° -60° 
Stagger  19°  39° 

Numerical Simulations 
Commercial CFD software (Fluent 6.1) is used for the 

numerical calculations.  The steady-state Navier-Stokes 
equations are solved for compressible laminar flow through a 
2D section of the flow field near mid-span, with adiabatic 
walls.  Blockage due to hub and shroud boundary layers is 
currently neglected, such that the flow passage is assumed to be 
of constant effective height (see footnote †).  A segregated, 
implicit solver is chosen with the SIMPLEC pressure-flow 
coupling algorithm and second order upwind schemes for the 
energy, momentum, and density equations.  Cartesian grids 
were defined with 27765 nodes (approx. 400X60) for Rotor 1 
and 20645 nodes (approx. 320X60) for Rotor 3.  The meshes 
were refined until the main parameter, which is the pressure 
loss coefficient, does not depend on grid density for given 
boundary conditions.  

The working fluid was air with viscosity defined by 
Sutherland’s law and with the following nominal operating 
conditions: inlet Mach number M1 = 0.14, inlet total 
temperature T01=300K; and exit static pressure P2 = 1 atm.  The 
inlet static pressure is adjusted to maintain M1 constant as the 
incidence or Reynolds number are changed.  Calculations were 

done in a stationary reference frame in order to simulate 
cascade test conditions.  The computational domain was limited 
to a single blade passage, with inlet and outlet regions 
extending one chord upstream and downstream respectively.  

Effect of incidence 
Incidence, defined as the angle between the incoming flow 

and the blade leading edge, is a key parameter that affects the 
aerodynamic performance of macro-scale blade rows.  The first 
set of calculations explores the effect of inlet flow angle on the 
loss coefficient (Eq. 1) and the exit flow angle (i.e. deviation).  
Numerical results are shown in Figure 4 for both geometries 
studied here (Rotor 1 and Rotor 3).  The exit total pressure and 
exit flow angle are taken as the mass-average values at the 
outlet boundary (i.e. one chord downstream of the trailing 
edge); this approach leads to a conservative, mixed-out loss 
coefficient.  During these calculations, the Reynolds number 
was maintained at Re = 350±20 and the inlet Mach number at 
M1=0.14±0.02.  Within the blade passage, the Mach number 
reaches 0.5 < Mmax <0.6. 

0

1

2

3

4

5

-20 -10 0 10 20

Incidence (deg)

Lo
ss

 c
oe

ff
ic

ie
nt Rotor 1

Rotor 3

 
(a) Loss coefficient versus incidence 
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(b) Exit flow angle versus incidence 

 
Figure 4 - Loss coefficient (a) and exit flow angle (b) as a 
function of incidence for high camber (Rotor 1) and low 
camber (Rotor 3) NACA A3K7 airfoils, with solidity σ=2.  
In all cases Re=350±20 and inlet Mach number 
M1=0.14±0.02. 
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The main observations in Figure 4 are the increase in loss 

coefficient and reduction in flow turning with increasing 
incidence.  The effect is most important for the high camber 
blade row (Rotor 1), whereas the low camber blade row (Rotor 
3) remains practically unaffected.  Unlike high Re 
turbomachinery which exhibits flow separation at high positive 
or negative incidence angles, flow separation was not present in 
the low Re simulations.  Negative incidences even slightly 
reduced the loss coefficient instead of increasing it. 

Effect of Reynolds Number 
The second set of calculations explored the effect of 

Reynolds number on the loss coefficient and the exit flow 
angle.  Numerical results are shown in Figure 5.   During these 
calculations, the inlet Mach number was maintained at 
M1=0.14±0.02 and the incidence was fixed to zero.  The 
Reynolds number was varied by scaling the model and 
changing the inlet total pressure to maintain M1. 
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(a) Loss coefficient versus Reynolds number 
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(b) Exit flow angle versus Reynolds number 

 
Figure 5 - Loss coefficient (a) and exit flow angle (b) as a 
function of Reynolds number for high camber (Rotor 1) and 
low camber (Rotor 3) NACA A3K7 airfoils, with σ=2.  In all 
cases incidence i=0 and inlet Mach number M1=0.14±0.01. 

 

The most noticeable trend is the gradual increase in total 
pressure loss and reduction in flow turning as the Reynolds 
number is reduced.  Below a critical Reynolds number of 
Recrit=200-300, the loss coefficient and deviation start to 
increase dramatically.  This behavior will be discussed later, 
but it should be noted that no flow separation was observed.  As 
the Reynolds number increases, the loss coefficient and exit 
flow angle tend to asymptote and therefore become less a 
function of Reynolds number, as expected.  

For design purposes, the following loss coefficient 
correlation is proposed: 

 
ReRe

21 CCY +=  (7) 

The first term is inspired from the drag of a laminar 
boundary layer over a semi-infinite flat plate, while the second 
term stems from the consideration of the finite plate or airfoil 
length  [13].  By fitting this expression to the numerical results, 
the following coefficients are found for the specific conditions 
listed in the previous sections: a) Rotor 1: C1=6, C2=400; b) 
Rotor 3: C1=6, C2=170.  In general, the coefficients (C1, C2) 
will depend on blade geometry (profile, camber, solidity) and 
operating conditions (incidence and Mach number).   

 

DISCUSSIONS 

Critical Reynolds Number 
The critical Reynolds number Recrit,=200-300 identified 

above appears to stem from the change in flow profile at the 
exit of the blade row, going from boundary layer flow to fully 
developed flow as the Re decreases.  Total pressure contours 
are shown in Figure 6 for two operating conditions: (a) 
Re<Recrit and (b) Re>Recrit to illustrate the boundary layer 
development along the blade passage.  As better shown in 
Figure 7, the velocity magnitude profile across the blade 
passage at the trailing edge (from suction to pressure side) 
shifts from core flow at high Re to merged boundary layers at 
low Re.  This change in regime appears to be associated with 
increased loss and reduced flow turning. 

 

      
 (a) Re = 60 (b) Re = 665 
 
Figure 6 - Total pressure contours for NACA A3K7 turbine 
stage with solidity of 2 (Rotor 3), showing that low Reynolds 
numbers (a) lead to thick boundary layers and slightly 
shallower exit flow angles. 
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Figure 7 - Profile of normalized velocity magnitude (V/Vmax) 
across the flow passage (Rotor 3), taken at 5% chord 
downstream of the blade row. 
 

A first-order estimate of the critical Reynolds number can 
be derived from laminar flow relations.  First, considering the 
Blasius solution for laminar flow over a flat plate (with no 
pressure gradient), the boundary layer thickness at the trailing 
edge can be defined as  [13]: 

 
Re
 0.5 0.5

1

c
U

c
c ==

νδ  (8)  

Since the boundary layers will merge at the trailing edge 
when δc=s/2 and solidity is defined as σ=c/s, we can solve for 
Re: 

 2
1,   100Re σ=crit  (9) 

For the current configurations, σ=2, hence Recrit,1=400.  A 
similar estimate can be done by considering the blade passage 
as a channel, and defining the Re required such that the entry 
length, xentry, is equal to the blade chord, c  [13]: 

σ
Re04.004.004.0 11 ====
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DU
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D
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Hence, 
 2

2,  25  Re σ=crit  (11) 
and Recrit,2 = 100 for σ=2.  These values appear to bound 
Recrit=200-300 found from the numerical simulations.  Based 
on these observations, one can suggest the following correlation 
for the critical Reynolds number: 

 2 60  Re σ=crit  (11) 

Effect of solidity 
The above expressions suggest that blade rows of higher 

solidity would incur higher losses and deviation at low 
Reynolds number.  Figure 8 illustrates this point by 
superposing results for σ=2 and σ=2.5.  We can observe a ratio 
of approximately (2.5/2)2~1.5 between the Recrit (i.e. knee of 
the curve) for both solidities.   
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Figure 8 - Loss coefficient and exit flow angle as a function 
of Reynolds number for the same airfoil (Rotor 3) but with 
different solidities, σ = c/s. 

CONCLUSIONS 
In this paper, we have presented an approach and 

guidelines for the design of radial, multi-stage 
microturbomachinery of constant blade height.   The main 
aerodynamic parameters required for the design process (loss 
coefficient and deviation) were defined using computational 
fluid dynamics of laminar flow through standard blade profiles, 
but in the low Reynolds number range.  Empirical correlations 
for the loss coefficient are proposed.  It was also found that 
dramatic increases in loss and deviation occur below a critical 
Reynolds number of approximately Recrit=200-300.  This 
behavior is associated with merging of the boundary layers at 
the exit of the blade passage.  To maintain acceptable 
efficiency, it is therefore preferable to limit the scale of 
microturbomachinery beyond a threshold.  For high speed 
operation, blade chords should be kept above 30-100 microns.  
At smaller scales, alternate operating principles or 
configurations should be envisioned.   

More extensive studies remain necessary in order to 
generalize the correlations to account for camber and Mach 
number.  The effects of heat transfer and of inertial forces in the 
rotating reference frame should also be considered since there 
are expected to be significant in high speed micro gas turbine 
and steam turbine engines.  Experimental validation is on-going 
through the fabrication and testing of a 4-stage microturbine as 
the core component of a micro Rankine steam power generator. 

Re=60

Re=665
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